Global well posedness and scattering for the 
defocusing, cubic NLS in M 3 



Abstract: We prove global well-posedness and scattering for the defocus- 
ing, cubic NLS on R 3 with initial data in £P(M 3 ) for s > 49/74. The proof 
combines the ideas of resonance decomposition in [9] and linear-nonlinear de- 
composition in [10J [15] together with the idea of large time iteration. 

1 Introduction 

Consider the defocusing cubic NLS in 3D 

jiu t + Au = \u\ 2 u, (t, x) £ R + x R 3 

\u(0) = u € H S X (R 3 ), ( J '" 

where s > 1/2. 

It is known that there is mass conservation law for (jl.ip . i.e., 



M{u{t)) = J \u{t,x)\ 2 dx = M(u(0)). (1.2) 

If s > 1, there is also energy conservation law, 

E(u(t)) = ~J \Vu{t,x)\ 2 dx + ^ j \u(t,x)\ A dx = E(u(0)). (1.3) 

Moreover, (jl.ip is locally well-posed for s > 1/2. In particular, there is blow 
up criteria for (jl.ip : If s > 1/2 and u is the solution to (jl.ip with maximal 
existence interval [0, T*), then if T* < oo, 

lj™IK*)lk- = °°. ( L4 ) 

Thus global well-posedness of (jl.ip for s > l(see [1]) follows immedi- 
ately from energy conservation law. Scattering in energy space or above is 
proved by Ginibre and Velo in [12]. However, for s < 1, there is no energy 
conservation. More precisely, there is no known coercive quantity that can 
be used to control the H s norm, which is the main obstruction for global 
well-posedness and scattering. It was conjectured by the following 
Conjecture. Let s > 1/2, then (jl.ip is globally well-posed in H S (R 3 ) and 
there is scattering. 
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Remark 1.1. The two dimensional defocusing, cubic NLS analogy of this 
conjecture has been solved by DodsonfTJ^ recently. He showed that the defo- 
cusing, cubic NLS is globally well-posed and there is scattering in L 2 (M. 2 ). 

The conjecture has attracted much attentions. Previous work can be 
found in [1] , [B] , [7] , [10] , [13] . We state these results briefly. 

The breakthrough work was made by Bourgain(see [T] , [2] , [5] ) . He used 
the Fourier truncation method to capture the smoothing effect of the non- 
linearity. He proved global well-posedness for s > 11/13 and scattering for 
radially symmetry data uq £ H s (M. 3 ) with s > 5/7. 

Inspired by the Fourier truncation method, Colliander, Keel, Staffi- 
lani, Takaoka, and Tao introduced the I-method( or almost conservation 
law method) in [6], which is a smoothed version of the Fourier truncation 
method. By smoothing out the rough data, they can make use of the en- 
ergy conservation law. Indeed, they proved almost conservation law for 
the smoothed solution via multilinear estimate, and then proved a poly- 
nomial bound for the solution of (jl.ip for s > 5/6, thus obtained global 
well-posedness for s > 5/6, but not the scattering result. 

To weaken the regularity requirement in [6] for global well-posedness 
and radical symmetry assumption in [1] for scattering, Colliander, Keel, 
Staffilani, Takaoka, and Tao[7j proved a new type Morawetz inequality. To- 
gether with the I-method, they are able to bound the solution in H S (M. S ) 
and Lf x uniformly provided s > 4/5, thus they are able to prove global 
well-posedness and scattering for s > 4/5. 

Recently, Dodson[10j improved the result in [7j via linear- nonlinear de- 
composition method introduced by Rov|15j. By using linear-nonlinear de- 
composition, I-method, and together with double layer decomposition, he 
was able to show globall well-posedness and scattering for s > 5/7. 

On the other hand, Kenig and Merle in [H] used the concentration- 
compactness method to deal with global well-posedness and scattering prob- 
lems at critical regularity. By profile decomposition and concentration com- 
pactness/rigidity argument, they showed in [13] that in order to prove Con- 
jecture, it suffices to bound the solution in if 1 / 2 . 

In this paper, we adopt an idea of large time iteration. Normally, in 
order to obtain global well-posedness, we would obtain local well-posedness 
on a small time interval, and then use iteration method to extend the local 
solution to global one. Roughly speaking, for each iteration, we extend the 
solution on time interval by one unit. Such iteration is 'slow' in some sense. 
Thus we would like to have a 'faster' iteration strategy, where the iterates 
on time interval are larger than one for each iteration. As a consequence, 
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the number of iterations is heavily reduced. 

To see how such an idea works, we combine the idea of linear- nonlinear 
decomposition used by Dodson in [10| and Roy in [15], the idea of modified 
energy via resonance decomposition in [SJ, and the idea of 'large time iter- 
ation'. It is captured that the nonlinear part of the solution enjoys more 
regularity in high frequency. Thus we can make use of such a smoothing 
effect by linear-nonlinear decomposition. Furthermore, by adding a correc- 
tion term to the energy functional E(Iu), we can obtain a better control of 
the increment of the energy (see [9] for more discussion). Thus we are able 
to prove a refined version of almost conservation law. Finally, by large time 
iteration, we are able to reduce the amount of iterations. The main result 
of this paper is the following 

Theorem 1.2. ( GUP is globally well-posed and there is scattering in H S (M. 3 ) 
for s > 49/74. 

This paper is organized as follows: In Section 2, we set some notations 
and recall some preliminary facts. In section 3 and 4, we prove a local exis- 
tence theorem and an smoothing effect of the nonlinear part of the solution, 
respectively. In section 5, we recall the construction of modified energy in 
[9] and prove a refined almost conservation law. Theorem 11.21 will be proved 
in the last section. 

2 Notations and Preliminaries 

Given A, B > 0, by A < B we mean A < C ■ B for some universal constant 
C. By A ~ B it means A < B and B < A. The notation A > B means 
B < A. The notation A <C B means A < K ■ B for some large universal 
constant K. The notation A ^> B means A > K ■ B for some large constant 
K > 0. The notation A+ means A + e for some universal < e < 1. And 
the notation A— means A — e for some universal < e < 1. By < a > we 
mean (1 + lap) 1 / 2 . 

Definition 2.1. Let 1 < q, r < oo, we say that (q,r) is admissible if 

2 1 1. 

r 3( 2"»- 

We recall the definition of I-operator, which is a Fourier multiplier. 
Definition 2.2. The I-operator I N : H S (R 3 ) -> H 1 ^ 3 ) is defined as 
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where m is smooth, radially symmetric, and satisfies 

,,, Ji, lfl<-w 

We abbreviate In, tun as I, in, respectively. For the convenience of the 
readers, we list some basic facts of the /-operator and explain how the 
/-method works. For more details, the reader can refer to, for example, 
[S] [3 [S] [ID] [IS] ■ We have the estimates 

||Viu||i2(RS) < iY 1_s ||u||^ s(R3) - 

lpllij*(R3) ^ H^ n llHl(R3)- 

Therefore, | 1 1 ijs(R3) is controlled by E(Iu(t)): 

IK*)llif*(R3) <E(Iu(t)). 

Thus, we are reduced to controlling the modified energy E(Iu). Note that 
we can write E(Iu) in a multilinear form: 

E(Iu) = A 2 (<7 2 ; u) + A 4 (ct4; u), 

where A 2 , A4 are some multilinear functionals and 02, 04 are some symbols, 
see section 5.1 for the definition, and see [9] for more details. 

To obtain a better control on E{Iu), we add a correction term to E(Iu) 
to construct another modified energy functional E(u{t)) such that E(u{t)) 
has slower energy increment. Similar to [9], we use resonance decomposition 
to construct E as 

E(u{t)) := A 2 (ct 2 ; u) + A 4 (a 4 ; u), 

where 04 is defined via resonance decomposition. See section 5.1, also see 
[9] for more details. By such construction, we are reduced to controlling 
E(u(t)). 

Let u be a solution to (jl.ip on time interval J = [to, T] such that u(to) = 
uq. We know that V t € [to;/]) the Duhamel identity holds: 

i*A„„_, /" i(t- S )A/| „j2, 



u (t) = e lt *u - i / e^- s ^(\u\ 2 u)(s)ds. (2.1) 

We then decompose u into linear part Uj and nonlinear part u 7 } 1 adapted to 
J, i.e., 

u l j(t) := e itA u(t ), uf(t) := -i f e i{t - s)A (\u\ 2 u){s)ds. (2.2) 

J t 
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In later sections, if there is no cause of confusion, we simply write Uj, vlf as 
u l , u nl , respectively. 

We need some Littlewood-paley theory, see [IB] , [17] for example. Let 
be a fixed radial bump function adapted to the ball {£ : |£| < 2} which 
equals 1 on the ball {£ : |£| < 1}. Let A'" be a dyadic number. Define the 
Fourier multipliers 

P^n(e) := (0(e/iV) - </>(2S/N))u{Z). 

Similarly, we can define P>n, P<n- 

In the following, we state some facts that will be used frequently in later 
sections. 

The first one is the Bernstein type inqualities. 

Proposition 2.3. ]79) / Let s > and d a positive integer. 1 < p < q < oo. 
Then 

\\P>nu\\ l p^ < P , s ,d ^ r ~ s ||V s -P>Aru|| L g (1R d); 
I |-P<jvV s ?/| l^g < P)S ,d N a \\P< N u\\ L p(^dy, 
||PjvV s w||xP(Md) < P)S ,d iV s ||J = V'"ILg(]Rd); 

d_d 

H- P <AT'"||i8(M<i) <p,s,dNp i \\P<Nu\\ L P( R dy, 

d_d 

WPNuWiipd) <p,s,d Np q \\ P Nu\\L p x (^ d )- 

Next we state Strichartz estimate, which is fundamental to the study of 
dispersive equation. The reader can refer to [5] and |17] for more details. 

Lemma 2.4. Let (q, r) be admissible. Let u be a solution to U.l\) on time 
interval J = [to,T] with initial data u(to) = uq, which satisfies the Duhamel 
identity, 

u (t) = e itA u - i [ e iit - s)A \u\ 2 u(s)ds. 

Then we have 

\\e ltA u\\ LU j )L r < \\u \\ L 2, || J^-'^lulM^dsW^Lr < IIM^II L f (J)ir 

(2.3) 
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where (q, f) is admissible and 

11 11 

~ + ^ = l, ^ + - = 1. 

q q r r 

Definition 2.5. Let J be a time interval. Define 

Zi<yJ;u):= sup ||V/n|| L 9 {J)L r 

(q,r) admissible 

3 Local Existence 

We need a simple lemma. 

Lemma 3.1. Let 5 < s and (q,r) be admissible pair. Then 

The proof is standard by Littlewood-Paley decomposition. We omit the 
details and leave the proof to the reader. 

We also need a local existence result, whose proof can be found in [7j. 

Lemma 3.2. Consider u(t,x) be as in defined on J x K 3 . Assume 

\\ u \\l* x {j*m?) < e > 

for some small constant e > 0. Assume uq E Cq°(1R 3 )). Then for s > 1/2 
and sufficiently large N , we have 

Zi{J,u)<C{\\u Q \\jj s ). (3.2) 

The following local existence is a modification of Lemma 13.21 In Lemma 
13.21 the L\ x norm is assumed to be small, while, for our purpose, we remove 
the smallness assumption. In some sense, such a local existence can be 
viewed as a large time existence and the iteration based on such a local 
existence can be viewed large time iteration. 

Lemma 3.3. (Modified local existence) Let u be a solution to tl.l\) on time 
interval J = [0,r]. Assume 

sup £(!«(*)) < 1, \\u\\ L 4 (Jxa3) < oo. 
teJ • 

Then for admissible pair (q,r), 
^(J;V)<1; 

HV/ti n '||x ?(J)J5 <ni a x{l,||u||^} 1 /«; 
\W Iu \\L q t (j)Li ^ max{l, ||n||^} 1/9 . 
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Proof. It is clear that by Strichartz estimate, we have 

^(jy) <nv/uoiu2 <i. 

Thus by triangle inequality, it suffices to show that 

II v HIl?(J)lj ^ max{l, \\u\\ 4 L 4 J 1/q ■ 

We decompose J into subintervals J\ , . . . , J m such that for each subinterval 
we have 

IMIl^xRS) < 6 



for some small constant e > 0. Thus, m is essentially |M|r 4 • Since for each 

L t,x 

Jk 

\\™W q Ll( J k)L r<h 

summing over k yields 



\Y7Tn\\ q < Mull 4 

^ 1U WL1{J)LV X ~ \\ U m x (Jxl 



□ 



Definition 3.4. VFe define 

l " l | L 4^ (i7x 

4 Smoothing effect of nonlinearity 



M(J,u,q) : = max{l, ||u||t 4 f/xiRsJ 1 ^- 



In this section, we prove a smoothing effect of the nonlinearity, which is 
crucial to prove the almost conservation law in next section. 
The following Lemma was proved by Dodson[10j. 

Lemma 4.1. Let u be a solution to on time interval J = [0,T] such 

that 

\H\lIJJxR3) < e > ||VJ«olIia < I- 
Let Nj be a dyadic number. Then if Nj < N , 

\\P >N ^Iu nl \\ LtL r < NJ 1 ' 2 , \\P >N] VIu nl \\ LTLl < N- 1 . (4.1) 
andlfNj >N, 

||P>Ar,VJ^|| zfL: < N- l '\ \\P> Nj VIu nl \\ L ^ L , < N-\ (4.2) 



By Lemma 14.11 and interpolation, we obtain the following smoothing 
effect. 

Theorem 4.2. Suppose J is an interval such that 

sup E(Iu(t)) <1, ||n|| L 4 (JxM3) < oo. (4.3) 
teJ ' 

For any admissible pair (q, r) with q > 4, then if Nj < N, 

\\P >Nj VIu nl \\ LlL r < N-*~*M(J,u,q) (4.4) 



andifNjZN, 
where 8 satisfies 



P >Nj VIu nl \\ LlL r < N-i-*M(J,u,q), (4.5) 



[ 1 _ 0_ , 1^0 _ 1 _ B 

J q oo ' 4 4 4 

| 1 _ 9 , 1^0 _ 1 , 

I r 2 i "3 3 "i" 6 - 

Proof. We only prove the case that TVj < iV. First, by the interpolation 
between Lf^L 2 , and with 

( 1 — 9_ , lz± — I _ 
J 4 oo "r 2 2 2 

I i _ £ _i_ _ i , 

I 3 2 _l "6 6 ~r 3' 
we get = 1/2. Thus by the interpolation we have 

||^VJu rt ||^<||^VJti^||^J|^V/u-[|^ 
<N- 3/4 M(J,u,A). 

Secondly, observe that for each admissible pair (q, r) with q > 4, we have 

{i _ e_ , 1^0 _ i _ 

g oo 4 4 4 

1 _ , 1^0 _ 1 i 

r 2 "r" 3 3 6 



for some < < 1. Thus 



\P >Nj VIu nl \\ L , L r <\\P >Nj VIu nl \\ 6 L?L% | \P >Nj VIu nl 1 



<^/ w / 4 M(J lU) 4/(l-9)) 
< JV 73/^M(J f « ig ). 



□ 
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5 Modified energy functional and almost conser- 
vation law 

In this section, we recall the construction of modified energy functional E 
in [9]. We prove a refined version of almost conservation law. We show 

Theorem 5.1. (Existence of an almost conserved quantity) Assume u is a 
smooth in time, schwartz in space solution to hl.l\) with initial data u$ € 
#J(R 3 )(s > 1/2) defined on J xl 3 such that 

IMIl* (JXR3) < oo, supE(Iu(t)) < 1, (5.1) 

then there exists a functional E = En : 5 X (1R 3 ) — > R defined on Schwartz 
functions u £ <S X (R 3 ) with the following properties. 

(1) (Fixed-time bounds) For any u E iS^R 3 ) , 

\E{Iu)-E{u)\<N- l /* + . (5.2) 

(2) (Almost conserved law) 

,» m ^ Q/S+ r M(J,u,2) M(J,U,1), , , 

sup |£?(«(t)) - B(«o)| < iV- 9 / 8 + max{l, ; , ; }. (5.3) 

In section 15.11 we recall the construction of modified energy functional E 
via resonance decomposition. The proofs of pointwise estimate (|5.2[) and the 
almost conservation law (|5.3p are given in section 5.2 and 5.3, respectively. 

5.1 Construction of modified energy via resonance decomposition |9] 

In this section, we recall the construction of modified energy via resonance 
decomposition in [9j. The construction of modified energy functional E in 
[S] is on R 2 , which can be extended to R 3 without any change. 
Let k be an integer. Denote the space 

S fc := {(6, -..,&) G (R 3 )* I 6 + - + = 0}. 

Let M : — > C be a smooth tempered symbol, and u\, —,Uk € 5(R 3 ), 
define the fe-functional 

A k (M;ui, ...,u k ) := Re / M(£i, &)3ii(&)...Ufc(£k). 
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If k is even, we abbreviate Afc(M;u) := Afc(M; u, u, u, u). Let k be an 
even number and set A := {1,3, ...,k — 1}, B := {2, 4, &}. Let /i be the 
operator be denned by 

fc(M(£i, &, ...,€fc-i,€fc)) : = ^(6, &, 

Let 5(^4) and 5(5) be symmetric groups on A and B, respectively. Let 
H := {h, id} be a group of two elements, where id is the identity map 
on (hence on the space of tempered symbols). Define Gt to be the 
group generated by S(A), S(B) and H. Then \G k \ = 2{k/2)\{k/2)\. De- 
fine [M] sym := j-^-r £ 0M. Then 
l^fcl <?eG fc 

A fc (M;u) = A k ([M] sym ;u). 
Define the extended symbol X(M) by 

X(M)(£i,..,&) :=M(Cl23,C4,-,6+2), 
where £123 := £1 + 6 + 6- Similarly, denote £ a6 = £ a + 6- Set 

«4 := 2£i2 -Ci4 = — 2 1 ^12 1 1 Ci4 1 cosZ (^12 , Ci4 ) , 02(6, £2) := ^l£i| 2 ?™i- 

Let 6*o be a small parameter to be determined later. Define the non- 
resonant set 



where 



and 



fil = G S 4 I max |£| < iV}, 

1<?<4 



^2 = {(6, 6, £3, £4) e s 4 1 |cosZ(£i2,£i4)| > e }. 

The symbol [X(a2)] sy m is given by 

[2zX( ( T2)] sym = ^(-ir 1 m J 2 |^| 2 - 
3=1 

Define the modified energy functional 

E(u) := A 2 (a 2 ;u) + A 4 (o- 4 ;u), (5.4) 

where 

[2zX(a 2 )]sym 1 , , 

o- 4 := — ln nr - (5.5) 

«a 4 
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Remark 5.2. Note that 

E(Iu) = A 2 (cr 2 ;ti) + kiia^u). 

Thus 

E(Iu) - E(u) = A 4 (o- 4 - 0-4; «). (5.6) 

note i/iai 
E(u(t))-E(u(Q)) 

r-t r-t 

A 4 ([-2iX(a 2 )] sym + ia A a; u{t'))dt' + / A 6 ([4iX(a 4 )] sym ; u(t'))dt'. 
Jo 



(5.7) 



5.2 Pointwise Estimate 



In this section, we obtain a pointwise estimate on the modified energy func- 
tional E. We prove the following proposition, whose analogy in R 2 can be 
found in [9]. 



Proposition 5.3. Let u € S(R ) be a Schwartz function, then we have 

\E(Iu) - E(u)\ < N-^O^WVIuWi^y (5.8) 

To prove Proposition 15. 3\ we need the following lemma, whose proof can 
be found in [9]. 

Lemma 5.4. For any (£1, £2> <!;3> £4) £ ^4, we have 

77lin(mi, 7TT-2, 77T-3, 77l4) 2 



F4-0- 4 |^ n 

Vo 



Proof of Proposition 15.^1 By (|5.6|) , it suffices to show the following estimate 

|o- 4 - ar 4 [|fi(ei)fi(6)«(6)fi(e4)| < N-^o^wvivWv. 



To do this, we decompose u into dyadic pieces Uj, where Uj is localized 
with a smooth cutoff function in spatial frequency space having support 
|£| ~ 2 fc J = Nj, kj e Z. By symmetry, we can assume N\ > N2 > N3 > -/V4. 
Furthermore, we can assume iVi ~ N 2 > iV. 

So it suffices to show that 

/• 4 

Ii :=m(#i) 2 / JJuj < C(N 1 ,N 2 ,N 3 ,N 4 )N- 1+ \\VIu j \\ L 2, (5.9) 
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where C(N\, N2, N3, N4) is sufficient small constant such that we can sum 
over N\,N2, 

A^3,A^4. Without loss of generality, we assume Ui(i = 1,2,3,4) is real and 
nonnegative. To this end, we consider the following cases. 



Case 1. N 4 > 1. 
h ^(iVi^lluilliill^lUilKllillKllil 

^(iVxfiivVVii^iiv^^ii^iiv^lUsllv^ll^ 

<N^N- 1+ \\VIu\\l 2 . 

Case 2. N x > N 2 > N 3 > 1 > 2V 4 . 

For each fixed £4 such that |£ 4 | ~ iV 4 , let 

% = {(6,6,6) e M 3 x m 3 x m 3 I 6 + 6 + 6 + 6 = o}. 



Then we have 




<m(iY 1 ) 2 || U4 ||LlU({6 GM 3 I |£ 4 | ~ AT 4 })1 V2 sup { f 



<7Tl(JVi) 2 JVj /2 1 1 VT«4 1 lig 1 1«1 1 1 ^a/is 1 1 1 1 1 1 «3 1 Ug 

<m(iY!) 2 iV 4 1/2 1 1 VJ^ 4 1 kg 1 1 V 1 / 4 ^! 1 1 ig 1 1 V 1 / 4 n 2 1 l^i 1 1 Vn 3 1 Ui 

<ivriv 4 i/2 iv- 3 / 2 +iivj«iii 2 . 



Case 3. N 3 < 1. 

Similar to the argument in Case 2, let 



%,? 4 == {(6,6) G M 3 x M 3 I + 6 + 6 + 6 = 0}. 



Then we obtain 




□ 
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5.3 Almost Conservation Law 



In this section we prove an almost conservation law for the modified en- 
ergy functional E, which is crucial to establish global well-posedness and 
scattering. 

Proposition 5.5. (Almost conservation law). Let J = [0,T]. Let u be a 
smooth in time, schwartz in space solution to U.l\) with initial data uq € 
H s x (M?)(s > 1/2) defined on J x R 3 such that 

sup £?(/«(*)) < 1, ||u|U (JxR3) < oo, (5.10) 
then we have the quadrilinear estimate 

| J'" U{[-2iX{a 2 )) sym +ia±a; u{t))dt\ < max{l, M ^_> 2) , M ^J 1} } 

(5.11) 

and the sextilinear estimate 

| J*' A 6 ([MX(a,)] sym ; u(t))dt\ < N~»/*+ max{l, M ^ 2 \ M ^ l \ . 

(5.12) 

5.3.1 Sextilinear Estimate 

Now we prove the sextilinear estimate. First we show the following lemma. 

Lemma 5.6. Let J = [0, T]. Let u be a smooth in time, schwartz in space 
solution to ( GUP with initial data uq € ff|(R 3 )(s > 1/2) defined on J x R 3 
such that 

supE(Lu(t)) < 1, \\u\\ L f (JxR3) < oo, (5.13) 

then 

| jf A 6 ([^X(a 4 )} sym , u(t))dt\ < O^N-^ max{l, M ^ 2 \ M ^ l) }. 

(5.14) 

Proof. We may assume that max |} > N/3, otherwise the symbol [4iX(a)] sym 

i<i<6 

vanishes (recall that if max {|<v/|} < N/3, then 4X(<5"4) = 1). With such as- 

l<j<6 

sumption, we then remove the symmetry of the symbol. It suffices to show 
that 

| £ K,{UX{a,)-u(t))dt\ < 0?N-*+ max{l, ^0-, ^^}. 

(5.15) 
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By lemma [531 we have 

1^(^4)1 < ^-mm{mi23,m4,m 5 ,m 6 } 2 . 

If we arrange ^1, ^ 6 as £g sucn that > > ••• > |^el> then we 

have 

< im(S) a . 

Thus we can assume |£i| > [£2! > ••• > iCel- And we can a l so assume 

l6M6l>iV. 

Casel. N 2 >N,N 3 >1. 
• Case 1(a) Nq > 1. Observe that 
cT r ^ 



m(7V 4 ) 2 / / JJfytft 



3= 

<m(N 4 ) 2 sup ( 4 IT «jdt J / u 6 <i£ 6 / u 5 d£ 5 

l€6|~JV 6 ,|e s |~jv 5 Wo J E ~ = i y ^lf«l~iv« ./if, 

3=1 J 



3= 



<m(7V 4 ) 2 sup / / 4 n%^iV 6 1/2 ||V« 6 || irL 2iV 5 1/2 ||V«5|U ri l 

i&i~Jv 6 ,ifti~iV5-/o y e &=-e6-e B ,=i 
3=1 

<N 5 sup / / 4 TT 

lftl~JV5,l$6l~JV 6 ^0 ^ E ?j=-?5-?6 , =1 
3=1 J 

We decompose u\,U2 into linear-nonlinear components, i.e., 

Ui = u\ + uf, i = l,2 
In the case of (ti^iig), we have 

A^5 / / 4 u\u l 2 u 3 UAdt 

Jo •/>; i, i, £.. 

3=1 

^5 1 1 «i 1 1 L t 2 L| I l4l Il? L 6 I \u 3 \\l?L% ||«4||l,»Lg 

<iv 1 °-iv- 2 +. 
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If there is one nonlinear term, for example, (it^u^), then we obtain 



/ / 4 u[u2 l U3U4(lt 
Jo Jv,£i=-£ 6 -£6 



^^sII^iIIl^liII^IIl^lI ||n 3 || L 2 L | ||n 4 || L oo L 6 

<iV 5 iVf 1 iV 2 " 1 iV 2 " 1 iV3" 1 m(iVi)- 1 m(iV2) _1 m(iV3)- 1 m(iV4)" 1 M( J, u, 2) 
<iV?"iV- 3+ M(J,«,2). 

If there are two nonlinear terms, then we get 

7V 5 [ [ U^ufYlujdt <JV5||u^|| L oo £ a||ti^|| L 2 £ 6||u 3 ||L?L«II^IU t ~L| 
JO JS6 j_3 



<iV-iV- 7 /2+ M (j )U)1 ). 



• Case 1(b) Nq <C 1. For this cae, we need a factor iVg^ to sum over AT 6 . 
Again we decompose u\,U2 into linear- nonlinear components. We can argue 
exactly as in Case 1(a) to get 

6 

m(N*Y I I u\u'Y\udt<N7Nl ,2 N- 2+ - 



{N A f [ [ u\u\ f[ u 3 dt < N'N^ 

Jo Jy, 6 j=3 

m{N A f [ [ u\ l u\ TT Ujdt < N-N^ 2 N- 3+ M(J, u, 2); 

JO iSfi 



10 Jx 6 j=3 

m{N A f [ [ u\u\ l TT Ujdt < N{Nq /2 N- 3+ M(J, u, 2) 
Jo Jz 6 j=3 

m(N 4 ) 2 [ [ u\ l u\ l TT Uj dt < N^Nl ,2 N- 7 ' 2+ M(J, u, 1). 
Jo Js 6 j=3 

Case 2. N\ ~ N2 > N,N^ <C 1. Similar to Case 1(b), we decompose 
ui,U2 into linear and nonlinear components. 

In order to obtain a factor , we interpolate | |J"xti | |x,|°x,g an d ||^ u i|lz4 • 
Note that by Sobolev embeddding, 



l-ft*ilU t °°L« i$ ||V/tii|| £ oo £ a < 1. 



Then for < a < 1, since 



1— a _a I 1— a 

4 — oo ~r 4 ' 

3— a a I 1— a 

12 — 6 4 ' 
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we have 

^ J*- <\\Iui\\ a LrL *\\Iui\fe a (JxR3) <M(J, u, 4/(1 -a)), 

(**) 

where the last inequality is by the definition of M(J,u,q). Take a = 1— , 
then M(J,u, 4/(1 - a)) = M(J,u, oo-). Note that (1x^,5^) is admissible. 
By Bernstein inequality (Lemma \2.3\i . inequality (**), we have 



m(N 4 ) 2 / / u[u l 2 Y[ujdt 



'0 j=3 



<7V 5 1/2 iV 6 1/2 / L u[u 2 u 3 u 4 dt 



'0 

3=1 



<iY 5 1/2 iY 6 1/2 ||^|| 4 6 ||4ll^6 ||/U 3 || 4 ||/U4|| 



■ 1 + a r 2 — a t x r 00 r 1 + a r 1 — a T * 

j + Lj^ J_j x Uj. J-J X 



<iv 5 1/2 iv 6 1/2 iV3 ( " a) ||«ill ^ ^II4IIl ? lbII^3||l-liII^ 4 || ^ ^_ 

<Ar 5 1/2 ^ 6 1/2 Ar i - 1 Ar- 1 Ar 3 - 1 Ar3^m(iV 1 )- 1 m(iV 2 )- 1 M(J,u,4/(l - a)) 

3(l-a) 

<iVfiV 6 4 N- 2+ M(J,uA/(l-a)) 
<iVf N+N~ 2 +M (J, u, 00-), 

Remark 5.7. TTje presence of M( J,u, 00— ) is noi essential. As we can see 
in section 6, M(J,u, 00-) ~ iV~, so M(J, u, 00— )iV~ 1+ ~ Af" 1++ . ZTms 
we omit the factor M(J,u, 00— ) throughout this paper. 

Use similar argument as the above, we obtain 



m{N A f [ [ ufu l 2 f\ujdt 

JO J?. 6 JI3 

<nI /2 nI' 2 [ T L ufu l 2 u 3 u 4 dt 

3=1 

<iVy 2 iV fi 1/2 ||<|| 6 ||4|| 4 6 ||u 3 || 12 ||u 4 || 4 12 

J-'X u t x t x t x 

<^ 5 1/2 ^ 2 A rf- a )/ 2 Ar i -iiv- 1 Ar 3 - 1 Ar( 1 - a )/ 4 m (Ar 1 )-i m (Ar 2 )-i 

x \\VIu'l l \\ LrL2 J\VIu l 2 \\ L 2 +L e-\\VIu 3 \\ L 2 L eM(J,u,A/(l - a)) 
<N°-N+N- 3 +M(J,u,2). 
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The (uf,uf) case: 
m(N 4 ) 2 [ [ ufufTlujdt 

JO JH 6 J=3 

<iV 5 1/2 ^ 6 1/2 [ T j\ ufufu^dt 

3=1 

<Nl^Nl l2 \\uf\\ 6 Hn^ll 4 e ||u 3 || 12 ||u 4 || 4 12 

<AT 5 1/2 AT 6 1/2 ivf- a)/2 iVf 1 Ar- 1 iV3- 1 iv( 1 - a)/4 m(iV 1 )- 1 m(iV 2 )- 1 

x ||V/<|Uoo L 2||V/n^|| i2+L 6-||V/u 3 |L fi 6M(J, U ,4/(l-a)) 

<N*-N+N- 7 l*+M(J,u,l)' 

This ends the proof of Lemma 15.61 □ 

5.3.2 Quadrilinear Estimate 

We prove the quarilinear estimate. We first show the following lemma. 

Lemma 5.8. Let u(x,t) be a smooth in time, schwartz in space solution to 
U.l\) with initial data uq € H^,(M. 3 )(s > 1/2) defined on J x 1R 3 such that 

supE(Iu(t)) < 1, ||u|| £ 4 (j xR s) < 00, (5.16) 



then 

"t 



k i {[-2iX(a2)] S ym + ia^a; u(t))dt\ 

M) fl M(J,u,2) M(J, 

/4- JY7/4- JV 9 / 

(5.17) 





r #0 Ar -3/2+ MQW) M(J,M) M(J,n,2) M(J,u,l) 1 

<maX l^r7^' iV > ^5/2- ' JV13/4- JV7/4- ^9/4- >• 



Proof. Prom (|5.5p we have 



. 4 

1 



([-2iX(a 2 )] sym +ia 4 a 4 m = [-2iX (a 2 )] sym ln re8 = - ^(-l^+H'lOlVes , 

where the resonant set 

^res := {(£1,6, £3, 60 G S 4 I max{|&|} > AT; |cosZ(£i 2 , 64) | < }. 

l<i<4 

17 



As in the above, we decompose Ui(i = 1,2,3,4) into dyadic pieces such 
that ~ iVj. By symmetry, we may assume that N\ > N2, N 3 , N4, and 
N2 > N4. Thus we can further assume N2 > N3 > N4 by symmetry 
argument. Denote 

V r = {(6, £2, £3, £4) 6 S 4 I iVi > N;Nt ~ N2]Nx > N 2 >N 3 > N 4 , 

|cosZ(£i2,£u)| < #o}- 

Then it suffices to show 

fl 3/2+ M(J,n,2) M(J,u,l) M(J,n,2) M(J,u,l) 1 



ATl/2-' iV ' N 5/2- ' JV 13 / 4 - ° iV 7 /4- ' ° AT9/4- 

(5.18) 

Observe that on $7 r , 

|6| 2 - |6| 2 + |6| 2 - |6| 2 = 2|£ 12 ||64||cosZ(£ 12 ,£ 14 )| < |£i2||£i4|^o. 
Also note that 

I6I 2 - I6I 2 = (161 + 161X16! - 161) > 16 + 61(161 - 161) = I62KI6I - 161) 

and 

I6l 2 -I6l 2 = (I6I + I6I)(I6|-|6!) > 16 + 61(161-161) = I6 2 |(l6|-I6l). 

Thus we have 

161-161 < 161^0, 161- 161 < 161^0. (5.19) 

To finish the proof of (|5.18p . we consider four cases. 
Case I. N 1 >N 2 >N 3 >N i > N. Then we have 

4 /V"2-2s Ar2-2s 7Vr2-2s JVr2-2s 

E(-iy +1 -(6) 2 |6l 2 <^I6I 2 - ^ii£ 2 i 2 + ^ii^i 2 - |pjie 



1 2 



(/ 2-2, 



<N 2 



(I6l 2s -I6l 2s ) + (I6I 2S -I6l 2s ) 
<iv 2 - 2s (|6| 2s - 1 |6|0o + !6l 2 ^ 1 l6|0o) 

2s /1 
1 VQ- 



<N 2 ~ 2s N 2s 
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o Jn r 



We decompose u\,U2, U3 and obtain 

^(-l) J+1 mfe) 2 |^ 2 )«l(6)4(6)4(e3)«4«4) 
i=i 

<N*-*>N*°9 f T [ «!(£i)4(&)4(6>*4(&) 

■/ JS 4 

< N 2-2S N 2S 0Q I | u i I |^oo^2 1 14 1 | L?L e 1 14 1 | L?L g 1 1« 4 | koc L 6 

<NiN- 1+ e Q . 

Next if there is one nonlinear term, for example, (ui l ,u l 2 ,u l s ), then 



jo Jn r V J=1 7 
JO Js 4 

<^ 2_2s ^1 2 ^0 i |< i i |4 i | l 2 l 6 i |4 i | l 2 l 6 i k \\ l °°l% 
<n^n- 2+ 9 . 

If there are two nonlinear terms, for example, «,^,4), take LfL 2 x , 
LfL x , LfL x , L>t°L® for u\ , U2 , ^3 , ^4 , respectively, then the above argument 
implies that 

f Q T ' J a (E(- 1 ) J+1 ^te) 2 i^i 2 )<(6)<(6)4fe)«4(e4) 

<iYfiV- 5 / 2 +^M(J,n,2). 

If there are three nonlinear terms, say, (ui l ,U2 l ,u^ 1 ), take Lfl? x , LfL x , 
L^L X , LfL x for u±, 112, U3, U4, respectively, then we have 

£ J a (E(- 1 ) J+1 ^te) 2 |^| 2 )^Hei)<(6)^(6)«4«4) 

<N^N- 3+ e M(J,u,l). 
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Case II. N 3 > N, 1 < <C JV. For this case we have 

4 7V2-2s AT2-2s /\r2-2s 

E(-D J+1 -(ei) 2 i6i 2 <|^i 2 - ^ii6i 2 + ^ii^i 2 - i&i 2 

<N 2 - 2s (\ci\ 2s -\a\ 2s ) + m 2 -\^\ 2 ) 

^N^d^W^l- |6|)) + I6II6I0O 

By the same argument as in Case I, we obtain 

/ T / (E(- 1 ) J+lm ^) 2 i^i 2 ) n "i^)^(e2)n3(e3)^(C4) 

<iVf6<o(iV- 3/2+ + A^ 5/2+ Af(J,u,2) + A^ 3+ M(J,u,l)). 

Case III. N% > A?", A^ <C 1. The argument is similar to Case I and Case 
II except that we can obtain an N± factor to sum over A^ directly. More 
precisely, 

J Jn r K ~[ ' 

<N^N+9 (N~ 3/2 + N- 5/2+ M{J,u,2) + N- 3+ M{J,u,l)). 



Case IV. N± < N3 <C N. For this case we need the following lemma in 
[9]. The reader may refer to [9] for the proof. 

Lemma 5.9. Let Ni > N 2 > N 3 > N 4 , N x ~ N 2 > N, N 3 < N. Let 

£2, £,3, £,4) € r be such that ~ Aj(j = 1,2,3,4). T/ien 

|m 2 (ei)|6| 2 -^ 2 (6)le 2 | 2 +m 2 (e3)|6| 2 -m 2 (^)|e4| 2 | < m^O^A^o+m^) 2 ^ 2 . 

(5.20) 

Case IV is divided into three subcases. 

Case IV(a). A3 ^ 1. We argue similar to Case 2 of Lemma [5761 We 
decompose Hi and u 2 into linear and nonlinear parts. Again we use the 
estimate 

^ ^ . <\\L Ut \\l rL6 \\L Ul \\l- 4 a <M(J,u,4/(l-a)), 

(**) 
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Let a = 1— , for (u[,u l 2 ), we have 



m(iV 1 ) 2 iV 1 iV30 o / / JU&)«2(&)«3(&)tk(&) 



/0 JC r 

<m(7Vi) 2 MiV3(9o||«i|| 4 ^|K|| i?i 6||/« 3 || Jfell^ll ^ ^ 

Ll+a t- a — a t x toot '+oa r I — a j o — a 

t ^x J-'t L'x J-'t ■'-'x 

<e o N^N^M(J,u,A/0.-a))\\VIv[\\ 4 ^ ||/<4|| i?L| ||VJ« 3 |U~£ 

r r Z — d t X Z 

J-'l J^x 



X II/U4II 4 12 

r 1 — a r 3 — a 

<N{N- 1+ N+9 . 

If only one nonlinear term appears, then we argue similarly. For example, 



JO JQ r 



<m(JVl) 2 JVl^0||«l i || 6 Il4ll * 6 ||U 3 || « ||«4|| 4 24_ 

r 00 r 2 + a r 1 + a r 2 — a r 2 r 3 + a T 1 — a T 5 — a 

<^ + iV3 + iV+M(J,n,oo-)||V/nf|| LrL| ||/4|| L?+L e-||V/^ 



<ArfiV- 2 +iV 4 + e M(J,n,2). 



If two nonlinear terms appear, then 



m(iV 1 ) 2 iV 1 iV30o / / ufi^ufi&M&M^) 
Jo Jn r 

<m(JVl) 2 M^0||<|| 6 4 6 || U3 || « ||« 4 || 4 24. 

roor 2 + a r 1 + a r 2-a r 2 r 3+a j 1 — a j 5 — a 

u t ^x L't x t x t x 

^^O^iVg 1 - AT+iW( J, U , OO-) 1 1 V/< | U ri 2 1 1 M 1 1^2+^6- 1 1 V/«3 1 | i?i 6 | |/U4 1 

<ATf N- 5/2+ N+9 M( J, u, 1). 
Similarly, we have 

Jo Jn r 

<N{N+(N~ 2+ + N- 3+ M{J,u,2) + N- 7 / 2+ M{J,u,l)). 

Case IV(b). N A <C 1,N 3 > 1. 
• If 1 < AT 3 < iV 1 / 2 
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First estimate 

h ■= miN^NtNsOo F [ M^M&M&MU)- 
Jo Jn r 

Again we decompose tii, Ui into linear and nonlinear components. The cases 
(u[,u 2 ), (ui l ,u l 2 ), (u\,u 2 l ) are easy to deal with. For example, we have 

ro(JV 3 ) 2 tfiJV 3 0o F [ 4(h)*fc(&)MZa)M&) 
Jo Jn r 

^,rn(Ns) 2 NxN 3 9 \\u[\\ L 2+ L e- \ \u 2 l 1 1^3 \\ u ^\\ 
<N^N+N- 2+ 9 M(J,u,2). 
It remains to deal with the case (u± l ,u 2 l ). We have 

Jo Jn r 

<m(iV 3 ) 2 iV 1 iV30 o \\ u f | \ LTLl | \uf | | L?+L 6- | \u 3 \ \ L 2 L% | |u 4 | \ L? - L f+ 
<N^N+N- 5 / 2+ e M(J,u,l)- 
Next, since 1 < N 3 <C iV 1 / 2 , by decomposing u\,U2 and u 3 , we get 

m(N 3 ) 2 N 2 F [ MZi)M&)M&)M&) 

Jo Jn r 

<N{ N+(N- 3 / 2+ + iy- n / 4+ M(J,n,2) + N~ 13 ' A+ M{ J, u, 1)). 

• If N 3 > N 1 / 2 . 
We use the bound 

4 

£(-l)* +1 m(£i) 2 |£i| 2 < N^N^o + NxNseo. 

3=1 

The argument in Case I indeed gives that 

{N 2-2s N 2s eQ + NiN39o) r T I ti^M&M&MU) 

Jo Jn r 

<N^N+9 (N-^ 2+ + N- 7 ' i+ M{ J, u, 2) + N- 9 ^ + M(J, u, 1)). 

Case IV(c). N^>1, 1 < N 3 <^ N. Just argue similarly. 

This ends the proof of Lemma 15.81 □ 

Proof of Theorem \5.1i Take 9q = N~ 7 / 8 , then Theorem 15.11 follows from 
Proposition 15.31 and Proposition 15.51 □ 
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6 Global well-posedness and scattering 

We prove Theorem 11.21 

Proof of TheoremUIM Choose A ~ N 1 ^ suc h that E(Iu ( Q X) ) < 1/4. De- 
fine 

W := {T G [0, oo) : sup E(Iu W (t)) < 1/2}. (6.1) 

0<t<T 

Then W ^ I since G W. Also W is closed by dominated convergence 
theorem. Note that if T G W, then we obtain 

<G(I!^o||li)(a 3/8 sup IIV/^WH^ + A 1 / 4 sup wviu^m]!* 3 

v 0<t<T x 0<t<T 

<C(\\u \\ L2 j(^ + 1 -X^] 

<c(I!«oIIli)a 3/8 . 

Thus ||w ( ' A ' ) ||l4 ([o,t]xR 3 ) i s uniformly bounded for any T G W. 

We show that W is open so that W = [0, oo). Assume T G W. By 
continuity, there exists 6 > such that for each T' G (T — 5,T + 5) D [0, oo), 

sup E(Iu^(t)) < 1, ||n( A )|| L 4 ([0iT , ]xK 3) < 2C(\\u \\ Ll )\ 3/8 . 
te[o,T'] 

Now we decompose [0,T'] into A 27 / 50 subintervals {J^j^Lj such that 
for each J m , 

ll?yW|| 4 , , < A 24 / 25 

Note that A 24/25 < N 2 provided s > 49/74. Thus if we choose s > 49/74, 
then we have 

ri max{l,A 12 / 25 } max{l,A 24 / 25 }^ 
max{l, ^j- , j^z } < I- 

Thus we can choose N so large such that 

sup \E{Iu^(t)) - S(J«W(0))| < 1/8. 

te[o,T'] 

By choosing N large enough, we obtain 
\E(Iu(t)) - E(lu(0))\ 
<\E(Iu(t)) - E(u(t))\ + \E(u(t)) - E(u(0))\ + \E(u(0)) - E(u(0))\ 
<JV"V8+ + 1/8 < 1/4. 
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Thus 

sup E(Iu^(t)) < 1/2. 
te[o,T'] 

Hence X" € W . So W is open, which implies that W = [0, oo). 

Scattering follows from standard argument. □ 
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